The compressibility equation of a fluid with an effective, state-dependent, pair-potential is derived. It is shown that the thermodynamic states for which the infinite wavelength limit of the static structure factor diverges are not consistent with the thermodynamic states for which the compressibility diverges whenever the effective potential is density-dependent. This result is in agreement with some recent numerical simulations.
I. INTRODUCTION
In recent years it has become current practice to transpose the well-developed statistical mechanical methods from the theory of simple ͑atomic͒ fluids to the complex ͑say, colloidal͒ fluids encountered in many soft-matter systems. 1 In many instances the main constituent ͑say, the colloidal particles͒ of the complex fluid has characteristic space and time scales which are widely separated from those of the remaining constituents. 1 Under such circumstances it is natural to use a coarse-grained description by first integrating out from the partition function all the degrees of freedom not belonging to the main constituent. 1, 2 This procedure invariably leads to an ''effective'' Hamiltonian for the main constituent which contains a free-energy term and, hence, is state-dependent. 1 On many occasions this effective Hamiltonian has been further approximated in terms of statedependent potentials. In the simplest case one then ends up describing the original complex fluid in terms of an ''equivalent'' simple fluid containing only the main constituent of the complex fluid but interacting now with a more complex, state-dependent, pair-potential. Two well-known examples of such effective pair-potentials are provided by the DebyeHückel potential used to describe the interaction between two charged colloidal particles and the Asakura-Oosawa depletion potential used in the description of the interaction between two uncharged colloidal particles. 1, 3 Here we will, however, not question 4 the oversimplifications usually involved in this reduction of the original complex fluid to a simple fluid with an effective pair-potential but, instead, inquire for the consequences of the state-dependence of this effective pair-potential on the statistical mechanical relations describing the corresponding ''simple fluid. '' In the following we will thus be concerned solely with the question of how one can transpose the equilibrium statistical mechanical relations between the structure and the thermodynamics of a simple fluid with a pair-potential V(r) to the case where the simple fluid has an effective pair-potential of the general form V(r;,T), where represents the average number density of the uniform fluid and T its temperature. Henceforth we will design the ͑simple͒ fluid with the potential, V(r), as the ''simple'' fluid, whereas the ͑simple͒ fluid with an effective potential, V(r;,T), will for the sake of brevity be simply designed as the ''complex'' fluid. In Sec. II we first briefly summarize the structurethermodynamics relations of the simple fluid which will then, in Sec. III, be transposed to the complex fluid. Our conclusions will be gathered in Sec. IV.
II. THE SIMPLE FLUID
The following relations between the structural and thermodynamical properties of a uniform simple fluid are well-known. [5] [6] [7] For future comparison we nevertheless briefly summarize the relevant material here. To simplify the notation, the T-dependence of the thermodynamic state will not be explicitly indicated but its -dependence will be retained throughout.
A. Structural properties
Only the pair structure will be considered here. Within the present pair-potential approximation the potential energy, U(x N ), of an N-particle configuration ͕x N ͖ For a uniform and isotropic fluid we have, in the thermodynamic limit, for the one-particle density,
͑4͒
while the two-particle density of Eq. ͑3͒ can be written as: where g(r;) and h(r;) are, respectively, the pair-and total-correlation function ͑cf.͒. Finally, the direct cf., c(r;), can be obtained from h(r;) by using the Ornstein-Zernike equation, 6 which can be written in Fourier space as
where S (k;)ϭ1ϩh (k;) is the static structure factor and the tilde denotes a Fourier transform.
B. Thermodynamic properties
As is well-known, 5-7 the thermodynamic properties can be expressed in terms of either g(r;) or c(r;).
The free-energy density
Let f () denote the thermodynamic limit of the ͑grand-potential͒ free-energy per unit volume and
Ϫ1͔, k B being Boltzmann's constant, and ⌳ the thermal de Broglie wavelength resulting from the system's kinetic energy. Integrating or ''charging'' the potential energy of Eq. ͑1͒ between the ideal gas (ϭ0) and the actual system (ϭ1) by the procedure outlined in, e.g., Ref. 5, one obtains
where g () (r;) denotes the value of g(r;) calculated for V(r), instead of V(r) ͓cf. g (0) (r;)ϭ1,g (1) (r;) ϭg(r;)]. The theoretical basis for Eq. ͑7͒ rests on the fact 5 that because of Eq. ͑1͒ the functional derivative of the freeenergy with respect to V(͉r 1 Ϫr 2 ͉) equals 2 (r 1 ,r 2 )/2. Alternatively, the excess free energy density can also be found by integrating or ''charging'' the density 1 (r 1 )ϭ between the ideal gas (ϭ0) and the actual system (ϭ1) following the procedure outlined, e.g., in Ref. 5 , yielding instead of Eq. ͑7͒:
where, this time, the theoretical basis for Eq. ͑8͒ rests on the relation 5 between the direct cf. and the second functional derivative of the free-energy with respect to 1 (r 1 ). Note that in a thermodynamically consistent theory we must have, f ex ()ϭ f ex (), since both Eqs. ͑7͒ and ͑8͒ are exact. In what follows it will nevertheless be convenient to put a bar on the f ex () of Eq. ͑8͒.
To compare f ex () and f ex () one can compare their ͑formal͒ virial or density expansions. To this end let us write the density expansion of g(r;) and c(r;) as
where, as is well-known, 6 ,7 the g p (r;͓V͔) and c p (r;͓V͔) can be further expressed in terms of convolutions of Mayer functions. Note also that, for later convenience, we have explicitly indicated ͑but only in the r.h.s.͒ the functional dependence ͑cf. ͓V͔͒ of Eqs. ͑9͒-͑10͒ on V(r). Introducing Eq. ͑9͒ into Eq. ͑7͒ we obtain
where
whereas introducing Eq. ͑10͒ into Eq. ͑8͒ results in
͑14͒
Using now the explicit representation of Eqs. ͑9͒-͑10͒ in terms of Mayer functions, one can verify explicitly that, at least for the first few n-values, we have B n (͓V͔) ϭB n (͓V͔), and although we know of no proof for a general n we will henceforth still consider that
i.e., that the two descriptions of Eqs. ͑7͒-͑8͒ are thermodynamically consistent. 
The pressure
Once the free-energy density, f (), is known, the pressure, p(), and the inverse isothermal compressibility, ‫,ץ/)(‪p‬ץ‬ can be obtained from the thermodynamic relations
From Eq. ͑7͒ one obtains then .
͑21͒
Note, finally, that because Eq. ͑17͒ involves the density derivative of g () (r;) its practical utility is limited and one often uses instead the so-called virial equation 6, 7 
͑22͒
which results from rescaling (x→␣ 1/3 x) the configuration space (V→␣V), and which when evaluated with the aid of Eq. ͑1͒ yields
which no longer involves any density derivative of g(r;). Since Eq. ͑23͒ is exact it has also to be equivalent to Eqs. ͑17͒-͑18͒, although we know of no explicit proof of their equality.
The main question now concerns the way in which the above relations can be transposed to a fluid with an effective, state-dependent, pair-potential.
III. THE COMPLEX FLUID
When in the above fluid the pair-potential V(r) is replaced by an effective pair-potential of the general form V(r;,T), or since we do not indicate the T-dependence explicitly, V(r;), all of the above quantities will acquire a supplementary -dependence induced by the densitydependence of V(r;). In order to formally distinguish these two types of -dependencies, we will call in the following the -dependence of Sec. II the ''explicit'' -dependence, while the dependence induced via V(r;) will be designed as the ''implicit'' -dependence, although, of course, in the end both dependencies are equally explicit.
A. Structural properties
The implicit -dependence of the structural properties considered in Sec. II, results from the fact that the potential energy of an N-particle configuration ͕x N ͖ now becomes B. Thermodynamic properties
The free-energy density
Because of Eq. ͑24͒ the functional derivative of the freeenergy with respect to V(͉r 1 Ϫr 2 ͉;) is still given by 2 (r 1 ,r 2 )/2 and hence the procedure which consists in charging the potential (V(r;);0рр1) is unaltered and yields here instead of Eq. ͑7͒
where we have, formally, for g () (r;) ͓cf. Eq. ͑25͔͒
and hence
in agreement with Eq. ͑12͒. Note, however, that Eq. ͑32͒ contains now the virial expansion of f ex () with respect to its explicit -dependence only. To obtain the full virial expansion of f ex () one still has to introduce the virial expansion of Eq. ͑33͒ into Eq. ͑32͒. The alternative procedure leading to f ex (), which consists in charging the density ͓ 1 (r);0рр1͔ is, however, less straightforward. It is indeed not clear a priori whether the functional derivatives of the free-energy with respect to 1 (r), which is at the basis of this method, has to take into account also the implicit density dependence via V(r;). To avoid this ambiguity with the functional derivative of V(r;), we will exploit the equality, B n (͓V͔)ϭB n (͓V͔), and proceed as follows. In the same way as Eq. ͑32͒ is a straightforward transposition of Eq. ͑11͒, we will transpose Eq. ͑13͒ here as
where from Eq. ͑14͒,
Now, since B n (͓V()͔) is the same functional of V(r;) as B n (͓V͔) was of V(r), and similarly for B n (͓V()͔) and B n (͓V͔) ͓cf. Eq. ͑33͒ and Eq. ͑12͔͒, the equality B n (͓V͔) ϭB n (͓V͔), implies the equality of B n (͓V()͔) ϭB n (͓V()͔) for all , and hence f ex ()ϭ f ex (), i.e., Eq. ͑15͒. Therefore, if the potential-charging and densitycharging procedures have to be mutually consistent, then the density charging will correspond to Eq. ͑34͒, or equivalently ͓cf. also Eq. ͑28͔͒. Hence, while in Eq. ͑30͒ the potential is being charged at constant density, in Eq. ͑36͒ the density is being charged at constant potential. In other words, the density charging operates only on the explicit density dependence while the density appearing in the system's Hamiltonian is treated as an external parameter. This somewhat subtle point is forced upon us if we want to maintain Eq. ͑15͒. Indeed, if Eq. ͑36͒ was evaluated with c(r;Љ;͓V(Љ)͔), f ex () would differ from f ex () already at order-3 , i.e., Eq. ͑15͒ would no longer hold. Note finally that while f ex () of Eq. ͑30͒ requires the knowledge of Eq. ͑31͒, or, say, of g(r;;͓V()͔) for 0рр1, Eq. ͑36͒ requires the knowledge of Eq. ͑37͒, or, say, of c(r;;͓V()͔), or equivalently, of g(r;;͓V()͔) for 0 рр1.
The pressure
It is now an easy matter to obtain the ͑osmotic͒ pressure from Eq. ͑16͒. Note, however, that in order to obtain the pressure of the actual system, the density parameter ͑say, 0 ) appearing in the system's Hamiltonian must be taken equal to the system's density ͑say, ͒ and the density derivative appearing in Eq. ͑16͒ must operate on both the explicit and the implicit density dependencies. Computing the excess pressure from Eq. ͑30͒ thus yields
where, as stated, the density dependence of g () (r;) now contains two types of contributions:
where we have used the more explicit notation of Eq. ͑27͒. Similarly Eq. ͑36͒ yields do not coincide, i.e., Eq. ͑20͒ no longer holds. 10 In other words, for the complex fluid the thermodynamic states for which the compressibility diverges are different from the thermodynamic states for which the infinite wavelength limit of the static structure factor diverges, i.e., for which the pair cf. becomes long-ranged ͓see Eq. ͑29͔͒. Note that this general result is consistent with the numerical simulations performed in Ref. 11 x,→/␣) or whether the rescaling should be performed at constant density (x→␣ 1/3 x, 0 → 0 ), i.e., whether the density parameter appearing in the Hamiltonian should be treated as an external parameter. If the latter is the case then there will be no density derivative in Eq. ͑44͒. One way to find this out could consist in comparing Eq. ͑44͒ with Eq. ͑38͒. Indeed, even if Eq. ͑23͒ is equivalent to Eq. ͑17͒ or ͑18͒, this does not imply that Eq. ͑44͒ will also be equivalent to Eq. ͑38͒ or ͑40͒ because this time Eq. ͑44͒ is a different functional of V(r;) than Eq. ͑23͒ was of V(r). Hence, the status of Eq. ͑44͒ cannot be investigated by the same method as used above and will have to form the subject of a separate investigation.
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IV. CONCLUSIONS
We have assumed that both for a simple and a complex fluid the expression of the free-energy in terms of either its pair cf. or its direct cf. are mutually consistent. Since the expression in terms of the pair cf. is easily transposed to the case of a complex fluid with a state dependent pair-potential, we have constructed an equivalent expression in terms of the direct cf. of the complex fluid. On this basis it has been shown that the infinite wavelength limit of the static structure factor of the complex fluid is no longer proportional to its isothermal compressibility, i.e., that the so called compressibility equation no longer holds for the complex fluid. An alternative conclusion could, of course, also be that describing the complex fluid in terms of an effective pair-potential only, i.e., without adding higher-order effective many-body interactions, does not yield a thermodynamically satisfactory description of the complex fluid. 
